Abstract. In this note we show that the global nilpotent cone is an isotropic substack of the cotangent bundle of the moduli stack of parahoric torsors on a smooth projective curve. Further for the case of symplectic parabolic bundles, we show that the global nilpotent cone is infact a Lagrangian complete intersection substack.
Then dim(H) = dim(Bun G ) and Hitchin defines a morphism
where for a scheme S, P ∈ Bun G (S) and s ∈ H 0 (X × S, ad(P ) ⊗ Ω 1 X×S/S ), χ(s) = (F 1 (s), . . . , F l (s)). Then it follows that N ilp is the fiber of χ over 0 ∈ H.
The global nilpotent cone N ilp, has been shown to be a Lagrangian substack of T * Bun G by various authors(see [4] , [2] ). As explained in [2] , it follows from this fact that the Hitchin morphism χ is flat and surjective and further T * Bun G is good in the sense of Beilinson and Drinfeld [2] .
We will study in this note, a natural notion of the global nilpotent cone in the case of the cotangent stack of the moduli stack of parahoric torsors as defined in [1] . The more familiar notion of parabolic bundles on curves, is a special case of parahoric torsors. The main results we derive regarding the global nilpotent cone for parahoric torsors are the following: (A) The global nilpotent cone for parahoric torsors is an isotropic substack of the cotangent stack of the moduli stack of parahoric torsors. (see Section 3,Proposition 1). (B) We consider a natural analogue of the Hitchin morphism in the case of parahoric torsors and conclude from Propositon 1, that if the dimension of the image of the Hitchin morphism is less than or equal to that of the dimension of the moduli stack of torsors, then the global nilpotent cone is infact Lagrangian. (C) We prove in the case of the symplectic group Sp 2n , that the Hitchin morphism factors through a subvariety of dimension the same as that of the moduli stack and hence the global nilpotent cone is Lagrangian.
The case of parabolic bundles with full flags, has been previously studied by Faltings [3] and the global nilpotent cone was proved to be Lagrangian. The case of G = GL n , SL n , has been studied as well by Peter Scheinost and Martin Schottenloher in [9] . This work is mainly a result of trying to understand the results in [9] .
parabolic bundles
Let us assume from now on that G is simple and simply-connected. Recall(see [10] ) a parabolic G-bundle on (X, x) of weight θ, is a triple (E, φ, θ),
φ is a reduction of structure group of E at x to the parabolic subgroup P θ ⊂ G, determined by θ.
It was shown by Balaji and Seshadri ( [1] ), that one can equivalently think of parabolic G-bundles on (X, x), as torsors under certain group schemes which are called Bruhat-Tits group schemes. Let us briefly recall the results from [1] : Let θ ∈ U and for any root r ∈ R, consider the integer
Identify the completed local ring A = O X,x , with the power series ring C[[z]] . We denote by K, the fraction field of A. Then the subgroup
is a parahoric subgroup in the sense of Bruhat-Tits. Thus from Bruhat-Tits theory, we get a smooth affine group scheme G θ over spec(A), which satisfies:
One can construct a smooth affine group scheme G X,x,θ on X such that:
, it is shown that for θ ∈ U o , we have
where ev : G(A) → G is the natural map and P θ is the parabolic subgroup determined by θ. Further in this case, a G X,x,θ torsor on (X, x) is the same as a parabolic G-bundle of weight θ.
For the rest of this article, a parabolic G-bundle of weight θ on (X, x) is a G X,x,θ torsor on (X, x). We will denote by Bun G X,x,θ , the moduli stack of parabolic G bundles of weight θ on (X, x).
Global nilpotent cone of
We have Bun G X,x,θ is a smooth equidimensional algebraic stack. Let S be a scheme over spec(C). From standard deformation theory, we have
∨ induced by the killing form, ad(E)
Thus for any point y ∈ X − x × S, we have
Thus we say s | X−x×S is nilpotent if
We define the global nilpotent cone as the substack N ilp X,x,θ , defined as
We then have the following
Proof. The proof is an adaptation of [4, Lemma 5,pg 516]and hence we will contend ourselves by explaining the necessary modifications involved. Let E be a G X,x,θ torsor on (X, x) and s ∈ H 0 (X, ad(E) * ⊗ K X ) be nilpotent. Let B ⊂ G X,x,θ be the borel subgroup scheme, defined as the flat closure of X − x × B in G X,x,θ , for a borel subgroup B ⊂ G. From Heinloth [5] [Lemma 23], we have the natural morphism f : Bun B → Bun G X,x,θ is surjective. Now we can find a finite Galois cover p : Y → X, with Galois group Γ, such that the stack of Γ equivariant principal G-bundles on Y of a fixed local type determined by θ, is equivalent to the stack of G X,x,θ torsors on X. For a choice of such an equivariant bundle F on Y , we have
where R Y /X () denotes the restrcition of scalars functor. The equivalence of the categories of equivariant bundles on Y and G X,x,θ is obtained by
As in [4] , choose a B reduction of F over the generic point of X, so that we have s ∈ n F ⊗ K X . If N is the equivariant bundle on Y , which corresponds to F under the equivalence mentioned above, then we have an equivariant sections of ad(N ) ⊗ K Y , which descends to s. Further we get an equivariant B reduction of N over the generic point of Y , so thats is a section of n N ⊗ K Y . Since G/B is projective, we can extend this B reduction N B of N to the whole of Y . Thus we have a B reduction of F given by
such that over the generic point, s ∈ n F ⊗K X . Thus we have f 
Hitchin map for parahoric torsors
Let p ⊂ g((z)) be a parahoric subalgebra. Let κ(, ) be the killing form on g. We define the dual of p as
We have a natural isomorphism
given by
Hence it makes sense to call p ∨ , the dual of p.
Consider now the case when p = ev −1 (p) for a parabolic sub-algebra p ⊂ g. We then have the following lemma
where n is the nil-radical of p.
Proof. Let t ⊂ p be a cartan subalgebra. Let R = R + ∪ R − be the set of roots with respect to t. We then have the familiar decomposition
be a basis of g. Using the killing form κ, we can identify g and g ∨ . Consider now the linear function f β for β ∈ R, given by
We then have under the isomorphism g ∼ = g ∨ , via the killing form, the linear function f β corresponds to x −β . Similarly we can define f i by
We then have f i corresponds to an element in t under the isomorphism g ∼ = g ∨ . Now let p = t ⊕ β∈R + g β ⊕ α∈R * ⊂R + g −α and n = δ∈R * g δ . We then have
. Thus we get from the above discussion,
, which is a parahoric subalgebra of g((z)). We then have an idenitification of lattices in g((z))
x is the completion of the stalk of ad(E)
* at x. Now choose a homogeneous generating set {F 1 , . . . ,
Since the set p ∨ is a bounded subset of g((t)), we have for C >> 0 ∈ N,
Thus the we can define a Hitchin morphism
An immediate corollary of Proposition 1 is the following:
sketch of the proof. We only give a sketch of the proof, since we just have to follow the arguments in [4] [Proposition 1,Corollary 9, Theorem 10]. We have dim(T * (Bun G X,x,θ )) ≥ 2dim(Bun G X,x,θ ) as Bun G X,x,θ is an equidimensional stack (see [2] ). The fact that dim(B) = dim(Bun G X,x,θ ), tell us that any fiber of π has dimension greater than or equal to dim(T * (Bun G X,x,θ )) − dim(B) ≥ dim(Bun G X,x,θ ). But as we have from Proposition 1, that N ilp X,x,θ is isotropic, we must have dim(N ilp X,x,θ ) = dim(Bun G X,x,θ ) and N ilp X,x,θ is infact Lagrangian. We have N ilp X,x,θ is the fiber over 0 of the Hitchin morphism. Using The natural C × action on the cotangent stack, we can put any fiber of χ in a family parametrized by A 1 , so that the central fiber is a substack of N ilp X,x,θ and all other fibers have the same dimension. Thus we must have the dimension of the general fiber is less than that of the special fiber, which equals dim(Bun G X,x,θ ). Hence we get
Hence χ is flat and surjective.
Corollary 2.
[case of parabolic bundles with full flag] For θ ∈ U 0 , such that P θ is a Borel subgroupof G, we have the global nilpotent cone N ilp X,x,θ is Lagranigian.
Proof. From Corollary 1, it is enough to show that the Hitchin morphism factors through a subvariety of dimension equal to that of Bun G X,x,θ . Now we have
where B = P θ . On the otherhand, let b = ev −1 (Lie(B)). Let n be the nil-radical of Lie(B). Let E be aG X,x,θ torsors on (X, x). We have from Lemma 1, and the above discussions ad(E) *
Let {f 1 , . . . , f l } be homogeneous invariants generators for
For any e ∈ n, we have
as f j (e) = 0. Thus we get
Thus we have the image of the Hitchin morphism is contained in the subspace
From Riemann-Roch theorem, we get
some local computations
In this section, we will study the local picture of the Hitchin morphism in the case of gl m , for a particular choice of invariant genartors, which are the various co-efficients of the characteristic polynomial. The local study helps us conclude that, for a suitable choice of invariant generators for sp 2n , the Hitchin morphism for symplectic parabolic bundles, factors through a subvariety of dimension same as that of the moduli stack. Thus from Corollary 1, we get the global nilpotent cone is Lagrangian. The combinatorial results and the other statements we derive in this section, are a result of trying to understand the statements found in [9] [pages 209-215].
Let e ∈ gl m be a nilpotent element. We can associate to the conjugacy class of e, a partition µ = (m 1 , . . . , m k ) of m. We denote byμ = (m 1 , . . . ,m r ), the dual partition of m. Now assume m = 2n and e ∈ sp 2n ⊂ gl 2n . It is a well-known fact that we have, the corresponding partition µ, satisfies the property in µ every odd number occurs with even multiplicity Further we have dim(Z SP2n (e)) = 1 2 (Σ im 2 i + #{i | m i is odd}) Now for a number 1 ≤ j ≤ m, we define n(µ, j) = a; where a is the unique number such that m 1 +· · ·+m a−1 < j ≤ m 1 +· · ·+m a .
We denote by
GLm , defined by 
we have 
] be the natural map. which is surjective. Now we have F
and hence is open.
We then have following proposition
Proof. We can assume with no loss of generality that e is in the jordan form, with jordan blocks of sizes m i along the diagonal. Let l be the sub-algebra of gl m , consisting of blocks of sizes m i along the diagonal. We then have
and e ∈ l is regular nilpotent in l. Let e = e 1 + e 2 + · · · + e r be the jordan decomposition, and {F ij } mi j=1 be the invariants in C[gl mi ] GLm i given by the coefficients of characteristic polynomials. For M ∈ l, we think of M as a tuple (M 1 , . . . , M r ), where M i ∈ gl mi . Using the formula
we can express F j | l , as a sum of products of the form
The minimum number of such terms possible is µ(j) and thus we get
since we have ν t (F ij (γ)) ≥ 1, for γ ∈ e + zl[ 
We will denote this open set by J e . Observe we have D ∈ l ⊗ C((t)) and
. Choose a basis {v ij } of V consisting of eigenvectors for t. Now from a theorem of Kostant([7] ), we can find generators {Q ij } for the ring
L , such that we have
Since we have {F ij } are generators for the invariant ring C[l] L as well, we get
Thus we get Q ij (D) = Q ij (e + Σd pq v pq ). consequently we get
whereD ∈ J e is conjugate to D over C((t)). In particular, we get Thus we get the minimum of v t (F j ) attained in e + zg [[z] ] is atleast µ(j) and hence the lemma is proved.
Lemma 3 (A combinatorial identity). We have
Proof. Consider the young tableau corresponding to µ. Enter the number i on every box in the i th row of the tableau. Now summing the resulting set of numbers row-wise, we get the number Σ i im i . While summinng up the numbers, column wise, we get the number 1 2 (Σ jm 2 j +m j ). Thus we get the required equality
For g = sp 2n , the polynomial functions
is a minimal homogeneous generating set for the ring C[sp 2n ] Sp2n . We have the following corollary of the Lemma 3 Corollary 3. Let µ be the partition corresponding to a nilpotent element e ∈ sp 2n ⊂ gl 2n . Then we have
Proof. We have
Thus we have
Thus consider the subset of C a ⊂ {1, . . . , n}, given by
We have
if m a is even We have now Σ n j=1 n(µ, 2j) = Σ r a=1 a#C a . Now since µ corresponds to a nilpotent orbt in sp 2n , recall we have odd numbers occurs with even multiplicity in µ. Now consider the set C o = {a | m a is odd}. Arrange the numbers in C o in increasing order and let them be {a 1 , · · · , a 2q }. We then have a i = a i+1 + 1, i = 1, 3, . . . , 2q − 1. Thus we get that
is a generating set for
But the analogue of Corollary 3 fails in this case, as can be seen by the following example: Let g = so(5) and e ∈ g, whose associated partition of 5 is µ = (2, 2, 1) . The dual partition of µ is (3, 2) . We have two invariants F 2 and F 4 and n(µ, 2) + n(µ, 4) = 1 + 2 = 3.
But on the otherhand, we have 1 2 (n + dim(Z g (e))) = 1 2 (2 + 3 2 + 2 2 − 1) = 4.
Hitchin morphism for symplectic parabolic bundles
Let G X,x,θ be a Bruhat-Tits group scheme over (X, x) for the symplectic group Sp 2n and θ in the interior of the rational weyl alcove. Let P θ be the parabolic subgroup of Sp 2n , determined by θ. Denote by p θ , the lie algebra of P θ . Let n θ be the nil radical of p θ .
We then have 
As in the previous section, we denote by F j ∈ C[sp 2n ] Sp2n , the invariants defined by the equation
It is a well-known fact that, we have F j = 0, for j odd and {F 2j } n j=1 generates the algebra of invariants. Let O θ ∈ n θ , be the dense open P θ orbit corresponding to the Richardson class. Let the corresponding partition of 2n be Λ = (λ 1 , . . . , λ r ).
Lemma 4.
We have ν t (F 2j (γ)) ≥ −(2j − n(Λ, 2j)), ∀γ ∈ p θ ∨ .
Proof. Let γ ∈ p. We then have γ = 1 z (e + zγ), e ∈ n θ Thus we have ν z (F 2j (γ)) = −2j + ν z (F 2j (e + zγ)) Let µ = (m 1 , . . . , m s ) be the partition of 2n corresponding to e. We have from Proposition ??, that ν z (F 2j (γ)) ≥ −2j + n(µ, 2j) = −(2j − n(µ, 2j)) Now since we e ∈ O θ , we have for any k,
Thus we see that n(µ, 2j) ≥ n(Λ, 2j). Hence we get ν z (F 2j (γ)) ≥ −(2j − n(µ, 2j)) ≥ −(2j − n(Λ, 2j)) Corollary 4. Let C >> 0 be such that, we have ν z (F 2j (γ)) ≥ −C, ∀γ ∈ p θ , j = 1, 2, · · · , n. Proof. Proof follows exactly as in the proof of Corollary 1
Then image of the Hitchin morphism

